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ABSTRACT

Let G = (V,E) be a graph and L(G) be the line graph of G. A subset D of V(G) is
said to be a chromatic restrained dominating set (or crd-set) of G if D is a restrained
dominating set of G and y(< D >) = x(G). The minimum cardinality taken over all minimal
chromatic restrained dominating sets is called the chromatic restrained domination number
of G and is denoted by ¥, (G). In this paper, we compute the chromatic restrained domination
number for the line graph of some standard graphs.
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1. Introduction

All the graphs G = (V, E) = (n,m) considered here are simple, finite and undirected,
with neither loops nor multiple edges. For D < V, the subgraph induced by D is denoted
by (D). The degree of a vertex v in a graph G, denoted by deg(v) is the number of edges
incident with v. A k —vertex coloring of a graph, or simply a k —coloring, is an assignment
of k —colors to its vertices. The coloring is proper if no two adjacent vertices are assigned the
same color. A coloring in which k — colors are used is a k —coloring. A graph is
k —colorable if it has a proper k —coloring. The minimum k for which a graph G is
k —colorable is called its chromatic number and denoted by x(G). Graph Theory
terminologies which are not defined here can be seen in [1] and [2].

A set D € IV of vertices in a graph G is called a dominating set if every vertex u € V
is either an element of D or is adjacent to an element of D. The minimum cardinality taken
over all minimal dominating sets is called the domination number of G and is denoted by
v(G). A set D €V is a restrained dominating set if every vertex in V — D is adjacent to a
vertex in D and another vertex in V — D [3]. The minimal cardinality taken over all minimal
restrained dominating sets is called the restrained domination number of G and is denoted by

v-(G). Aset D isay, —setif D is a restrained dominating set of cardinalities y,-(G).
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For a graph G with edges, the line graph L(G) is the graph whose vertices correspond
to the edges (lines) of G, and two vertices in L(G) are adjacent if and only if the
corresponding edges in G are adjacent (that is, are incident with a common vertex). In 2018,
E. Murugan and J. Paulraj Joseph determined the bounds on the sum of the domination
number of a graph and its line graph. They also characterised upper and lower bounds on the
domination number of line graphs [4]. The bistar graph B, s is the graph obtained by joining
the center vertices of two-star graphs K; , and K 5,7, s = 2.

A set D € V is a chromatic preserving set or a cp-set if x(< D >) = x(G) and the
minimum cardinality taken over all cp-set in G is called the chromatic preserving number or
cp-number of G, denoted by cpn(G). This new concept was introduced by T. N. Janakiraman
and M. Poobalaranjani [5]. They also defined the concept of a dom-chromatic set of a graph.
A subset D of V is said to be a dom-chromatic set (or dc-set) if D is a dominating set and
x(< D >) = x(G). The minimum cardinality taken over all minimal dom-chromatic sets in G
is called the dom-chromatic number and is denoted by y.,(G). In [6], they determined dom-
chromatic numbers for several classes of graphs and established key results in this area.
Based on this, S. Balamurugan et al [7], [8], [9], [10] introduced and studied the concepts of
chromatic strong domination, chromatic total domination, chromatic connected domination,
chromatic weak domination and so on. Additionally, J. Joseline Manora et al [11], [12]
explored connected majority dom-chromatic number of a graph and majority dom-chromatic
set of a graph. Similar to these works, several authors have explored various types of dom-
chromatic sets. In this paper, we study a new domination parameter, the chromatic restrained
domination number of line graphs.

2. Chromatic Restrained Domination Number for Line Graphs

In this section, we obtained the chromatic restrained domination number for the line

graph of some standard graphs.
Definition 2.1 Let G = (V, E) be a graph and L(G) be the line graph of G. A subset D of V is
said to be a chromatic restrained dominating set (or crd-set) if D is a restrained dominating
set and x(< D >) = x(G). The minimum cardinality taken over all minimal chromatic
restrained dominating sets is called chromatic restrained domination number and is denoted

by y¢ (G). Throughout this paper, we denote the chromatic restrained domination number of

line graphs by v¢(L(G)).
Theorem 2.2 Let G = K,, be the complete graph on n vertices. Then
nm-1 .. ddn>E
VL)) =]~ 2 2 misoddnz
n—1 if niseven,n > 4
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Proof: Let V(K,) = {v{,v3,v3,...,v,} and E(Kn) ={m;j/1<i<nl<j<nm;=
m;;i # j }. Then V(L(K,)) = E(K,) with cardinality 2= 1) . Also x(K,,) = n.

Case (i): n is odd
Then x(L(K,)) = n. Consider D = {m;4+1)/1 <i <n—2,iis odd} and D is independent.

Then D is a restrained dominating set of L(K,) with cardinality EJ Since any minimal

restrained dominating set is independent, x((D)) = 1 # x(L(Ky)). Therefore, D is not a
chromatic restrained dominating set. Let S = V(L(Kn)) — {my,, my3}. Then S is a restrained

dominating set and )(((S))=n=)((L(Kn)). Therefore, S is a chromatic restrained

n(n 1) Tl(Tl 1)

dominating set with cardinality —— — 2 and yr(L(Kn)) < ——=—2.Weshow that S is a

minimal chromatic restrained domlnatlng set of L(K,). Suppose not, then there exists a
chromatic restrained dominating set S’ such that S’ < S. Then there exists a vertex x € S and

x &S'. Thus y((S')< )((L(Kn)), which is a contradiction. Therefore, S is a minimal

n(n 1)

chromatic restrained dominating set of L(K,), so that y¢(L(K,)) ==—-—— 2. Hence,

n(n 1)

YE(L(Kp) = — 2, where n is odd.

Case (ii): n is even

Then x(L(K,)) =n—1.Let D = {m;;41)/1 <i<n,iiseven}. Then D is a restrained
dominating set of L(K,,) with cardinality g Since D is independent, y({D)) =1 # )((L(Kn)).
Therefore, D is not a chromatic restrained dominating set of L(K,). Consider D; =
{mij/1<j<n,i#j} Then D are the subsets of V(L(K,)) with same cardinality and
x({D;)) =n—1. Also D;* are restrained dominating sets of L(K,). Since (D;) is complete,
then for any D; — {ml-j},l < i < n, the chromatic number is less than n — 1. Therefore,

D,,D,,...,D, are the only sets of L(K,) with chromatic number n—1 and minimum
cardinality. Therefore D/ are the chromatic restrained dominating sets of L(K,) and

Y$(L(Kn)) =n-1
Observation 2.3: y¢(L(K,)) = {

Observation 2.4:
(1) For any path P,,

lifn=2
3ifn=3

rn—1
3 +2 if n=1(mod 3)
n—1
Vf(L(Pn))=yﬁ(Pn_1)=<[ - ]+z if n = 2(mod 3)
141 ifn=0(mod
k[ 3 ]+ if n = 0(mod 3)
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(2) For any cycle C,,

(i)  ifnisodd, then y¢(L(Cp) = ¥(Cp) = 7
(i)  ifniseven, then
n
[§] if n=1(mod 3)
n
rE(LC) =vE(C) = 1|3 +1 if n=2(mod3)

g+2 if n = 0(mod 3)

Theorem 2.5: Forn > 3, y¢ (L(K1,n—1)) =n-—1.

Proof: Let V(Kl,n—l) = {vg, V1, V3, ..., Vp_1} Where deg(vy) =n—1 and vy, v,,...,Vp_q
are the vertices of degree one. Then E(Ki,_1)={mi/1<i<n-1m;=v; €
E(Kin-1)} = V(L(Kl,n_l)). Also )((L(Kl’n_l)) =n—1. Any singleton set D is a
restrained dominating set of L(Ky,_,),n>3. Clearly, y({D))=1= X(L(K1,n-1))-
Therefore, D is not a chromatic restrained dominating set of L(Kl,n_l). Since
)((L(Kl,n_l)) =n—1,8={my,my,,...,m,_4} is the minimal set with respect to the
property that the induced subgraph has chromatic number n — 1, as (S) is a complete graph
on n—1 vertices. Also S is a restrained dominating set of L(Ky,_,). Therefore, S is a
chromatic restrained dominating set of L(K;,—,) with cardinality |S| = |V(L(Ky.-1))| =
n — 1. Therefore, ¢ (L(Kl,n—l)) =n-—1.

Theorem 2.6: Forn > 4,y¢(L(W,)) =n — 1.

Proof: Let V(W,) = {vy,vi,Vy,...,Vp—1} With n—1 outer vertices and E(W,) =
{mi,mj(jﬂ),ml(n_l)/mi =y, 1<i<n-11<j<n-— 2} = V(L(Wn)). Also,
deg(vo) =n—1 and x(L(W,)) = n— 1. Since v, is a vertex of maximum degree in W,
the induced subgraph of L(W,) formed from the edges incident with v, has chromatic
number n — 1. Also D = {m;/1 <i <n — 1} is a restrained dominating set of L(I#;,) with
cardinality |D| = n — 1. Therefore, D is the only chromatic restrained dominating set of

L(W,,) with minimum cardinality. Hence. y£(L(W,)) = n — 1.
Theorem 2.7: For any complete bipartite graph K, ¢, v (L(Kr,s)) = max{r, s}.
Proof: Let V(K,5) =V, UV, where V; = {vy,v,,...,v,} and V, = {uy,uy,..., us}. Also

E(KT,S) = {mu/mu = viuj,l <i<nl S] < S, my; * m]l} = V(L(KT,S)) and
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)((L(Km)) = max{r, s}. Let r <s. Any set D containing all the edges incident with any
vertex in V, of K, ; is a restrained dominating set of L(K,.;) with |[D| = r and ¥, (L(Kr,s)) <

r. Since y (L(KT’S)) =17 (L(KT,S)) > r.Therefore, y, (L(Km)) =r. Since (D) is a
complete graph on r vertices, y((D)) =r. If r=s, then x((D)) =7 = x(L(K,s)).
Therefore, D is a chromatic restrained dominating set of L(K,.;). Let r # s. Then y({D)) #
)((L(Kr,s)) and D is not a chromatic restrained dominating set of L(Kr,s). Consider S =
{my1, My, My3,...,mys} Where my,, my,, my3,..., my are the edges incident with v, € ;.
Then S is a restrained dominating set of L(K,.5) and x({S)) = s = max({r, s} = x(L(K,s)),
since (S) is a complete graph on s vertices. Therefore, S is a chromatic restrained dominating
set of L(K.») and ¥ (L(K.s))<ISI=s. Since x(L(K.0))=s¥(L(Ks))2s.
Therefore, y* (L(KT,S)) = s = max{r, s}.

Theorem 2.8: For any bistar graph B, ¢,y (L(Bm)) = max{r,s} + 1.

Proof: Let V(Br,s) = {V0, Ug, V1, Vgy oo oy Upy U1y Upgzy oo oy Upyg ) = {vo,uo, v,u/1<i <
r,r+1<j <1+ s} where v, and u, are the center vertices of K; , and K, s and |V (B,.s)| =
r+s+2. Then E(Br,s) = {mo,mi,m]-/mO = VU, M; = VoV, M = U, 1L ST <17+

1<j<r+s}=V (L(BT,S)). Let u, be a vertex of maximum degree in B, g and A(B,.s) =
s+ 1. Also X(L(Bm)) = s + 1. Consider D = {m,}. Then D is a restrained dominating set

of L(B,s) and y, (L(Bm)) =1. Also y((D)) =1+ )((L(Bm)). Therefore, D is not a
chromatic restrained dominating set of L(Bm). Let S = {my, Myy1,Myya,...,Mpig}. Clearly,

S is a restrained dominating set of L(Br,s). Since (S) is a complete graph on s + 1 vertices,

x{(S) =s+1 =)((L(Br,s)). Therefore, S is a chromatic restrained dominating set of

L(B,,) and ¥¢ (L(Bm)) < s+ 1. Since {mg, My11, Mys, ..., My} is the minimal set with
respect to the property that the induced subgraph has chromatic number s+ 1,
v (L(Br,s)) > s + 1. Therefore, y£ (L(Br,s)) =5+ 1 =max{r,s} + 1.

Theorem 2.9: For any friendship graph E,,m > 2, y¢(L(E,)) = 3m.

Proof: Let |V(E,)| =2m+ 1and V(E,) = {vy, V1, V2, V3, Vs, -+, Vam—1, Vam} Where v is
the vertex of maximum degree in F,. Then E(E,) = {mi,mj(jﬂ)/l <i<2m1<j<

2m —1,j is odd} = V(L(Fy)). Also, x(L(Fy)) = 2m. Let D=
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{m12, M34, Ms6, Mg, ..., Mzm-1y2m) }- Then D is a restrained dominating set of L(F,) and
cardinality of D is m. Therefore, y,(L(E,)) <m. Since y(L(F,)) = m,¥-(L(F,)) = m.
Therefore, yr(L(Fm)) = m. Since D is independent, y({(D)) = 1 # 2m. Therefore, D is not a
chromatic restrained dominating set of L(F,,). Consider D; = {m;/1 < i < 2m}. Then D, is
the minimal set whose induced subgraph has chromatic number 2m. But D, is not a
restrained dominating set of L(F,,), since V(L(F,))\D; is an independent set. Therefore,
D, is not a chromatic restrained dominating set of L(F,,). Thus, for any proper subset S =
V(L(Ey) — {m;} and V(L(E,)) — {mj¢j+1)}, either x({S)) < 2m or S is not a restrained
dominating set. Therefore, V(L(FE,)) is the only chromatic restrained dominating set of
L(Ey,) and ¥<(L(F) = IV(L(ED)| = 3m.

Observation 2.10: For any line graph L(G) of G, 1 < y£(L(G)) < "("T_l) - 2.

Theorem 2.11: If G is a graph, then y¢(L(G)) = 1 if and only if G = K,.

Proof: Assume that ¥(L(G)) = 1. Then x(L(G)) = 1 and L(G) = nK; is the only possible
line graph with x(L(G)) = 1. But y£(nK,) = n, for n > 1.Therefore, L(G) = K;. Then, G is
a graph with an edge, which is K,. Therefore, G = K,. The converse is trivial.

3. Conclusion

In this paper, we have determined the chromatic restrained domination number for the
line graph of certain standard graphs and observed that 1 < y,?(L(G)) < #— 2. An

encouraging direction for future research is to analyse the extremal graphs that represent the

upper limits of the chromatic restrained domination number in line graphs.
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